Abstract-The characteristics of guided modes in the four-layer slab waveguide containing chiral nihility core have been investigated theoretically.
INTRODUCTION
Recently, chiral metamaterials have attracted much attention because the refractive index of a circularly polarized wave in the chiral metamaterial is negative if optical activity is strong enough (the chirality parameter is greater than refraction index) [1] [2] [3] [4] . A slab of such chiral metamaterial can be used as a perfect lens which providing subwavelength resolution for circularly polarized waves [5, 6] . In 2009, the effective negative refractive indexes in chiral metamaterials have been realized experimentally at microwave frequencies [7] [8] [9] [10] [11] [12] and THz frequencies [13] . Designed and experimental results for chiral metamaterials with negative refractive indexes at infrared frequency have also been published [14] [15] [16] . Surface polaritons [17] and GoosHänchen shift [18] at the surface of chiral negative refractive media have been studied. Various chiral negative refractive waveguides including chiral metamaterial slab [17, 19, 20] , grounded slab [19, 21] , parallelplate [19] , fiber [22] , have been investigated. Chiral nihility metamaterial is a special case of chiral negative refractive index medium, in which the permittivity and permeability are simultaneously zero [1] . The transmission and reflection [23] [24] [25] , focusing [26] , scattering [27, 28] and cloaking [29] properties of the chiral nihility metamaterials have been studied. Fractional dual solutions for chiral nihility metamaterials [30] [31] [32] [33] have been discussed. Waves in the parallel-plate waveguide containing twolayer chiral nihility metamaterials and one air layer [34, 35] , and in the chiral nihility metamaterial grounded slab [33, 36] , circular waveguide [37] have been examined. Such chiral structure can find potential applications in the microwave and millimeter wave integrated circuits [34] . Guided modes and surface wave modes in planar chiral nihility metamaterial waveguides [38, 39] and chiral nihility fibers [40, 41] have been studied in our previous paper. In this paper, we study guided and surface wave modes in the four-layer slab waveguide containing chiral nihility core. Effects of chirality parameter on dispersion curves, energy flux distribution and power are examined and some peculiar characteristics are found. The feature is different from that in the four-layer slab waveguide with left-handed material [42] [43] [44] .
It is noted that although it is difficult to realize chiral nihility (both permittivity and permeability are zero in the chiral medium), there is another route by magnetoelectric couplings [45, 46] to realize chiral nihility.
FORMULATIONS
Consider the four-layer slab waveguide containing chiral nihility core whose geometry and material parameters are shown in Fig. 1 . The inner layers are an isotropic chiral nihility metamaterial, ε 1 = 0, µ 1 = 0, κ, and a conventional dielectric material ε 2 , µ 2 , the outer layers are conventional dielectric materials ε 3 , µ 3 and ε 4 , µ 4 . The thickness of the chiral nihility core and inner dielectric layer are h 1 and h 2 , respectively. The outer layers are assumed to extend infinitely. The constitutive relations in an isotropic chiral nihility metamaterial for a time-harmonic field with e jωt are as follows [1] :
where κ is the chirality parameter of the chiral nihility metamaterial. The electromagnetic fields in the chiral nihility metamaterial can be expressed as [4] :
where η 1 = lim
µ 1 /ε 1 is the wave impedance in the chiral nihility metamaterial, and E ± satisfy equations:
And then E ± are solutions of the wave equations:
where k ± = ±κk 0 are the wavenumbers of the two eigenwaves (the subscription + and − correspond to right-handed circularly polarized (RCP) and left-handed circularly polarized (LCP) waves, respectively) in the chiral nihility metamaterial, k 0 = ω √ µ 0 ε 0 is the wavenumber in vacuum. It is obvious that in the chiral nihility metamaterial, LCP eigenwave is a backward wave (here we assume κ > 0), and the effective refractive index of LCP eigenwave n − = k − /k 0 < 0.
We can express the solutions of the longitudinal-field component in Equation (4) as:
where e j(ωt−βz) is omitted for simplicity and β is the longitudinal propagation constant,
The electromagnetic fields in the conventional dielectric materials also can be expressed as combination of RCP and LCP components, and we express the longitudinal-field components as:
where
The relationships between the transversal and longitudinal electromagnetic field components can be found in reference [40] . According to the boundary condition (continuity of the tangential fields) for electromagnetic field components at x = −h 1 , 0, h 2 , the characteristic equation of guided modes can be derived as follow: = 0 (9) where
and
. Energy flux along the z-axis in the waveguide is defined by:
Power in the inner layers (P 1 , P 2 ) and outer layers (P 3 , P 4 ) are the integration of the energy flux:
S z2 dxdy,
The normalized power is defined as [47] 
NUMERICAL RESULTS AND DISCUSSION
The longitudinal propagation constant β and relationships of constants in the formulas of electromagnetic fields can be calculated numerically from the characteristic equation. Thus all electromagnetic fields components, the energy flow distribution and power can be obtained.
In this section, we will present the numerical results for three cases of chiral metamaterial parameters: κ < n 3 , n 3 < κ < n 2 , and κ > n 2 . Here we choose
, n 2 = 1.5, n 3 = n 4 = 1) and use normalized frequency k 0 h (not frequency) because the chiral nihility metamaterial occurs only at certain frequency.
3.1. Case I: κ < n 3
Figure 2(a) shows the normalized propagation constants (effective refractive index) n eff = β/k 0 versus normalized frequency k 0 h of guided modes and surface wave mode for κ = 0.5. There exists fundamental H 1 guided mode. The fundamental mode also can exist in four-layer slab waveguide with left-handed material [42, 44] and cannot exist in negative refractive index three slab waveguide [47] . It is noted that guided modes in references [42, 44] are TE mode or TM mode, however, TE (TM) mode cannot be supported in the chiral nihility waveguide, the modes in the chiral nihility waveguide are all hybrid modes, i.e., the electromagnetic fields of modes have both TE and TM components. It is found from Fig. 2 (a) that no guided modes can exists in the normalized frequency region between H 1 and H 2 guided modes. The dispersion curve of H 1 guided mode is bent. There are two n eff values for a fixed k 0 h below k 0 h = 0.4557 (corresponds to point A 1 ), i.e., appears mode double-degeneracy. As the normalized frequency k 0 h decreases from 0.4557, dispersion curve bifurcate two branches, which n eff increases for upper branch and decreases to n eff = n 3 = 1 for lower branch. Dashed curves correspond to n eff = n 2 = 1.5, while n eff > 1.5, H 1 guided mode becomes H s surface wave mode whose electromagnetic fields exponentially decay on both sides of the interfaces between chiral nihility and conventional materials. The slope of the dispersion curves of H 1 guided mode and H s surface wave mode are very steep, which may have potential application in high-sensitivity optical sensor. Furthermore, the slopes of dispersion curves of upper branch of H 1 guided mode and H s surface wave mode are negative. Consequentially, the normalized power is negative. Fig. 2(c) shows the normalized power P of H 1 guided mode and H s surface wave mode for κ = 0.5, dispersion curve is also plotted in order to demonstrate clearly ( Fig. 2(b) ). P is positive for lower branch dispersion curve of H 1 guided mode, and negative for H s surface wave mode. However, the positive value of normalized power is smaller than one, it indicates that the power in the chiral nihility core (P 1 ) is negative for H 1 guided mode. For H s surface wave mode, the power in the chiral nihility core (P 1 ) is negative and its absolute value is greater than total power (P 2 +P 3 +P 4 ) in inner dielectric layer and outer layers. It is interesting to note that the normalized power P at point A 1 equals to zero, corresponding to zero group velocity. It implies that at this point, the waveguide can not propagate energy or it would be able to halt the light. This feature may have potential applications in optical communication and data storage. In order to investigate clearly propagation of electromagnetic wave in the waveguide, let's see the energy flux S z of H 1 guided mode and H s surface wave mode at k 0 h = 0.4 (Fig. 3) . At point B 1 in dispersion curve of H 1 guided mode (Fig. 2(b) ), n eff = 1.1890, P is positive (corresponds to point B 1 in Fig. 2(c) ), S z is negative in chiral nihility core and positive in inner dielectric layer (Fig. 3(a) ), it means that the energy flux is in opposite direction in chiral nihility core and inner dielectric layer. However, at point B 2 in dispersion curve of H s surface wave mode (Fig. 2(b) ), n eff = 2.0152, P is negative (corresponds to point B 2 in Fig. 2(c) ), S z is also negative in chiral nihility core and positive in inner dielectric layer (Fig. 3(b) ). S z always decays exponentially in outer layers, however, S z of H s surface wave mode decays more rapidly than that of H 1 guided mode, results in P negative for H s surface wave mode. Thus H s surface wave mode is a backward wave. Fig. 2(a) , respectively). The energy flux S z in the chiral nihility core is positive for H 2 guided mode and negative for H 3 guided mode. Energy flux S z in the chiral nihility core and inner dielectric layer is in same direction for H 2 guided mode and opposite direction for H 3 guided mode. The normalized power P equals to 1 for H 2 guided mode. Thus H 2 guided mode is a forward wave. It is very interesting phenomenon, and has also been found in the chiral nihility fiber [40] . Though the energy flux in chiral nihility core is negative, the normalized power is positive and smaller than one for H 3 guided mode because the absolute value of power in the chiral nihility core (P 1 ) is smaller than total power (P 2 + P 3 + P 4 ) in inner dielectric layer and outer layers. The normalized power also Figure 7(a) shows normalized power P and dispersion curve of H 1 guided mode and H s surface wave mode. P equals to 1 in the region of positive slope of dispersion curve for H 1 guided mode, and P decreases as k 0 h decreases in the region of negative slope of dispersion curve for H 1 guided mode and H s surface wave mode. Fig. 7 (b) shows normalized power P and dispersion curve of H 2 guided mode. It is strange that P is negative (F 1 F 2 region) for upper branch of dispersion curve (F 1 F 2 region) and positive (F 1 F 3 ) for lower branch of dispersion curve (F 1 F 3 region). As k 0 h increases from point F 3 , P = 1.
Generally, for H 3 , H 4 , H 5 , H 6 guided modes, in the regions of negative slope of dispersion curves, the energy flux S z in the chiral nihility core is negative, and P is positive and smaller than one, while in the regions of positive slope of dispersion curves, S z in the chiral nihility core is positive and P = 1. The enlargement of dispersion curves of H 4 and H 5 guided modes around k 0 h = 2.85 are plotted in Fig. 6(b) , and the energy flux S z of H 4 and H 5 guided modes at k 0 h = 2.8 and k 0 h = 2.9 are shown in Fig. 8 . At k 0 h = 2.8, S z in the chiral nihility core is negative ( Fig. 8(a) ) for H 4 guided mode (corresponds to point D 1 in Fig. 6(b) ) and positive ( Fig. 8(b) ) for H 5 guided mode (corresponds to point D 2 in Fig. 6(b) ). At k 0 h = 2.9, S z in the chiral nihility core is positive (Fig. 8(c) ) for H 4 guided mode (corresponds to point D 3 in Fig. 6(b) ) and negative ( Fig. 8(d) ) for H 5 guided mode (corresponds to point D 4 in Fig. 6(b) ). 
CONCLUSION
The characteristics of guided and surface wave modes in the four-layer slab waveguide containing chiral nihility core have been investigated theoretically. The characteristic equation of guided modes is obtained. Effects of chirality parameter on dispersion curves, energy flux distribution and power are examined and some peculiar features are found, for examples, the existence of fundamental mode for all chirality parameters, the existence of surface wave mode for smaller and larger chirality parameters, abnormal dispersion curves with different shape, positive energy flux in the chiral nihility core, and zero power at some normalized frequencies. The feature is different from that in four-layer slab waveguide with left-handed material. Guided modes in the chiral nihility waveguide are not TE or TM modes, they are hybrid modes and have both TE and TM components. The results presented here will helpful for potential applications in novel waveguide devices such as directional couplers, high efficient waveguide sensors. 
